We report highly collimated radiation from incoherent quantum emitters coupled to photonic dispersion-engineered structures. Two-dimensional free-standing photonic crystal slabs sustained an extremely high density of states for vertically leaky light at discrete frequencies, which results from the constructive interference between directly reflected light and quasi-bound guided modes, referred to as Fano resonance. Electromagnetic simulations showed that an electric dipole that is excited near a photonic crystal slab generates vertically directional radiation at every Fano resonance frequency. The radiation distribution of an electric dipole is strongly correlated with the angular reflectance of a coupled photonic crystal slab. The strategy developed herein will be useful to achieve a vertical beam from quantum emitters such as transition metal dichalcogenide monolayers, facilitating the delivery of light into other external optics. Optical strategies to achieve directional radiation from quantum emitters are important for a diverse range of photonic applications from light-emitting diodes to nanocavity light sources including single-photon emitters [1] [2] [3] [4] [5] [6] [7] . In the case of light-emitting diodes, control over the wave vector of radiation emitted via electron-hole recombination is necessary to attain a high outcoupling efficiency. As radiation with an in-plane wave vector that lies within a light escape cone (i.e., a critical angle) is preferably generated, the fraction of light trapped by total internal reflection is reduced, thereby yielding a greater outcoupling efficiency [8, 9] . To accomplish this, appropriately designed photonic dispersion-engineered structures are employed in the vicinity of quantum emitters (e.g., multiple quantum wells) because excited quantum emitters can emit radiation with a specific angular frequency (ω) and a wave vector (k) only when there are available photonic modes with the same values of ω and k in an ambient medium [10, 11] . For example, when a reflector is located near a quantum emitter with a specific distance at which vertically directed radiation satisfies the standing wave condition, radiation is emitted dominantly near the vertical axis, thus greatly enhancing the outcoupling efficiency. This is because the reflector creates high-density photonic modes at the vertical wave vector.
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To induce a more dramatic beaming effect, one-dimensional (1D) grating surfaces [12] , two-dimensional (2D) photonic crystal cavities [13] [14] [15] , hyperbolic metamaterials [16] , and even single nanowires [17] that serve as photonic dispersionengineered structures have been extensively studied. The idea of achieving directional emission from quantum emitters by coupling with optical resonances was studied over past decades; in previous literatures, periodic air holes were directly incorporated into quantum emitters so that they simultaneously served as photonic crystals [18, 19] . However, with the recent advance in atomically thin quantum emitters such as monolayer transition metal dichalcogenides and quantum dots, quantum emitters and photonic dispersion-engineered structures can be separately prepared and integrated via the near-field coupling of optical resonance. For example, Chen et al. reported polarization-selective photoluminescence of monolayer WSe 2 by integrating a 1D grating-assisted surface [12] . For the same monolayer WSe 2 , Wu et al. observed a ring-shaped profile in the far-field domain by means of 2D photonic crystal linedefect cavities [14] . Hyperbolic metamaterials, which are typically composed of 1D-deep subwavelength-thick metal and dielectric layers, also act as distinct photonic dispersionengineered structures. Recently, Mota et al. theoretically demonstrated that tailored Ag∕TiO 2 hyperbolic metamaterials lead to direction radiation for both in-plane and vertically polarized dipoles [16] .
In this study, we propose a new theoretical approach, to the best of our knowledge, which provides superdirectional vertical radiation from atomically thin quantum emitters with the integration of 2D photonic crystal slabs. Zhang et al. explored the near-field coupling of monolayer MoS 2 and guided-mode resonances and observed the unidirectional radiation within a narrow divergence angle [20] . However, rational design rules for such beam steering were not provided. We used finitedifference time-domain (FDTD) and plane wave expansion (PWE) simulations to design 2D photonic crystal slabs with an extremely high density of photonic modes at the vertical wave vector (i.e., Γ-point modes) [21] . The Γ-point modes appear at discrete frequencies as a result of Fano resonance, which occurs when directly reflected light and quasi-bound guided modes are in phase. With optimized photonic crystal slabs, an electric dipole emitter generated a high degree of vertical radiation, surpassing other previous strategies including planar high-reflectivity mirrors [8, 9] . We verified that the radiation distribution of the electric dipole emitter was strongly correlated with the angular reflectance of a photonic crystal slab coupled to the emitter. Vertical radiation was dominant only when the reflectance of a coupled photonic crystal slab was high for normal incidence, relative to off-normal incidence. This suggests that the vertical beam effect stems purely from the dispersion feature of photonic crystal slabs.
We employed 2D free-standing photonic crystal slabs as photonic dispersion-engineered structures. An atomically thin quantum emitter was placed on a dielectric (n 2.0) photonic crystal slab in which square-lattice cylindrical air holes are formed, as schematically shown in Fig. 1(a) . To describe ultrathin quantum emitters such as transition metal dichalcogenide monolayers, an in-plane polarized electric dipole was excited above a photonic crystal slab with a 10 nm air gap [22, 23] . For FDTD simulations, the spatial resolution along the three orthogonal directions was set at 10 nm. Periodic boundary conditions were applied along the x and y axes, and perfectly matched layers were applied at the upper and lower planes of the simulation domain. The radiation from an electric dipole is enhanced or suppressed depending on its dispersion of (ω, k) via the near-field coupling of a photonic crystal slab. The leaky dispersion of photonic crystal slabs is primarily determined by the Fano resonance, which is formed as interference of two modes with different light interacting pathways: a directly reflected mode (E direct ) and a quasi-bound guided mode (E indirect ), as shown in Fig. 1(b) . If both modes are in phase (i.e., ϕ d − ϕ i 2π × m, where m is an integer), constructive interference occurs, creating photonic modes, which appear densely at the corresponding wave vector [24] .
To design 2D free-standing photonic crystals sustaining high-density leaky photonic modes at the vertical wave vector, we performed FDTD and PWE simulations for the Γ-X direction within a light escape cone, as shown in the right panel of Fig. 2(a) . The inset shows a unit cell of the simulated structure, indicating the irreducible Brillouin zone of a square-lattice periodic structure. For the simulated structure, the radius of the air holes and the slab thickness were 0.2a and 0.4a, respectively, where a is the lattice constant of the periodic air holes. In addition, the FDTD-simulated reflectance spectrum was obtained with normal incidence for the same structure, as shown in the left panel of Fig. 2(a) . Multiple pronounced peaks appear in the reflectance spectrum at specific normalized frequencies.
Their line shape is asymmetric, revealing a characteristic of Fano resonance [24] [25] [26] . More importantly, the frequencies of the reflectance peaks are overlapped well with those of some Γ-point modes. This observation indicates that the reflectance peaks originate from the Fano resonance for which directly reflected light and leaky Γ-point modes are constructively interfered.
Simulated profiles of the electric field intensity clearly identified Fano resonance optical modes, as shown in Fig. 2(b) . Each profile was obtained at different frequencies of the Γ-point modes in the leaky photonic band dispersion, denoted by 1-4 in Fig. 2(a) . For only the Γ-point modes that yield local maxima in the reflectance spectrum [denoted by 2-4 in Fig. 2(a) ], their profiles exhibited strong confinement of light, which accounts for the quasi-bound feature of Fano resonance [24, 27] .
To investigate how a 2D free-standing photonic crystal slab alters the radiation distribution of a quantum emitter via the near-field coupling of Fano resonance, we obtained far-field distributions for the four different normalized frequencies (a∕λ 1.086, 0.943, 0.877, and 0.657) at the Γ-point modes, as shown in Fig. 3(a) [28] . These frequencies correspond to 1-4 in Fig. 2(a) , respectively. The simulated data were mapped on the (θ, ϕ) coordinate and individually normalized by the maximum intensity. For 2-4 in Fig. 2(a) , wherein the pronounced reflectance peaks appear, superdirectional and vertical radiation were observed, which outperforms previous attempts using other photonic dispersion-engineered structures [2, 3, 15, 16] . Alternatively, for 1 in Fig. 2(a) , assigned to a nonresonant Γ-point mode, directional radiation was still observed but vertical radiation was prohibited. To quantitatively assess the degree of vertical directionality, we plotted the normalized far-field intensity as a function of θ, as shown in Fig. 3(b) . Note that each data point was obtained by averaging the far-field intensity over the entire range of ϕ. For comparison, the angular far-field intensity of an in-plane polarized electric dipole in vacuum was plotted. For 2-4 in Fig. 2(a) , the beam divergence was drastically reduced where the full-width at halfmaximum was decreased to 4°for 4, whereas it was 56°for the reference electric dipole. The narrow beam divergence supports well the experimental value reported in Ref. [20] . 
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In addition, we point out that for a∕λ 0.943, the highest normalized frequency among the three cases, several lowamplitude peaks were observed at other off-normal angles. This is because high density-of-states leaky modes were excited at different wave vectors other than Γ-point for such high normalized frequencies, as shown in Fig. 2(a) .
To better understand the relationship between vertical radiation and leaky modes, we obtained the full range of the angular (θ, ϕ) reflectance of the photonic crystal slab at the four normalized frequencies, as schematically shown in Fig. 3(c) . Remarkably, for each normalized frequency, the surface plot of the angular reflectance agrees well with the far-field distribution [see Figs. 3(a) and 3(d) ]. For a∕λ 0.943, 0.877, and 0.657, the reflectance was sharply high at θ 0°, relative to other off-normal angles. These findings underpin that the reflectance of a structure at a certain (θ, λ) for external light is strongly correlated with the density of leaky modes of the structure at the corresponding (ω, k). Taken together, a highly collimated beam is achievable from incoherent quantum emitters when the frequencies of vertically leaky modes in a coupled photonic crystal slab are positioned within their emission spectrum. A facile, angular reflectance measurement on a photonic crystal slab reveals whether it sustains vertically leaky modes at target frequencies. Figure 4 (a) depicts the fabrication process for 2D free-standing photonic crystal slabs. For visible wavelength quantum emitters, both the photonic crystal slab and substrate must be visibly transparent. For this purpose, SiO 2 and Si 3 N 4 layers are deposited on a sapphire substrate. Then, periodic air holes are defined by performing lithography and dry-etching processes. Lastly, the underlying SiO 2 layer is completely removed during a selective wet-etching process. However, following this fabrication process, an air gap exists between the photonic crystal slab and substrate, as illustrated in the right-most panel of Fig. 4(a) . Therefore, we investigated how the radiation distribution is altered by the size of the air gap (d ), as shown in Fig. 4(b) . For these simulations, we used the same photonic crystal slab shown in Fig. 3(a) for various d values. The normalized frequency of an electric dipole was 0.657. A comparison of the third (d 0.34λ) and the fourth plots (d ∞, without a substrate) in Fig. 4(b) reveals that the radiation distribution is marginally altered when d > 0.34λ. This is because the evanescent coupling effect between the photonic crystal slab and a substrate vanishes as d increases. This observation demonstrates that the air gap should be sufficiently large to attain beam-like vertical radiation.
The vertical radiation from a quantum emitter via the Γ-point-mode-mediated Fano resonance is not only limited to free-standing photonic crystal slabs, but rather any photonic crystal slabs on low-refractive-index dielectric substrates, sustaining guided mode resonance. To verify this, we modeled a Si 3 N 4 n 2.0 patterned 2D photonic crystal slab on a SiO 2 n 1.5 substrate, as shown in Fig. 4(c) . For a photonic crystal slab with r, t 0.25a, 0.4a, we obtained reflectance spectrum for normal incidence, as shown in Fig. 4(d) . As discussed previously, pronounced peaks appear at specific frequencies in the reflectance spectrum. Radiation distributions were simulated for the three peak frequencies in the reflectance spectrum, marked by 1 0 , 2 0 , and 3 0 [see the inset of Fig. 4(d) ]. Vertically collimated radiation was achieved for all the peak frequencies, which is consistent with the former analysis of the 2D free-standing photonic crystal slab. We highlight that such photonic crystal slabs on low-refractive-index dielectric substrates are mechanically robust, unlike free-standing structures.
In summary, we designed 2D photonic crystal slabs integrated with atomically thin quantum emitters. We demonstrated that rationally designed 2D photonic crystal slabs dramatically improve the vertical directionality of radiation at specific frequencies. The angular reflectance of 2D photonic crystal slabs accounted well for the vertical radiation, which implies that the wave vector of radiation is controllable by tailoring the photonic band dispersion of a structure coupled to an emitter. We believe that these theoretical findings will provide a strategy to attain beam-like radiation from quantum emitters, which is important for single-photon emitters and solid-state lightings to improve their collection or outcoupling efficiencies.
